Abstract. We prove that the Jouanolou foliation of degree admits no nontrivial minimal sets. The proof uses reliable computations based on interval arithmetic.
where Ê is a homogeneous polynomial of degree , and È and É are polynomials of degree at most [7] . Then, after the change of variables Ü and Ý , we obtain that equation (2) A minimal set of is an invariant (i.e., union of leaves and singular points), closed, nonempty subset of È´¾µ such that it is minimal with these three properties. We say that a minimal set is nontrivial if it is not a singular point.
A fundamental problem about the dynamics of these foliations on È´¾µ was first posed in [3] :
Are there foliations of È´¾µ with nontrivial minimal sets?
Although this problem is not yet solved, several properties of nontrivial minimal sets Å have been established, provided they exist [3] :
(i) Å is unique; (ii) there is no -invariant transverse measure supported on Å, and so all the leaves in Å have exponential growth; (iii) Å intersects every one-dimensional algebraic subset of È´¾µ, and thus cannot have algebraic leaves. Moreover, there are leaves in Å with nontrivial linear holonomy [2] .
The following example was studied by Jouanolou [6] , and has been useful in proving that the set of foliations on È´¾µ, of degree ¾, not admitting algebraic leaves is open and dense in the space of all foliations of degree [6, 7] :
has no algebraic one-dimensional leaves if ¾. Thus, it is natural to ask whether this example admits a nontrivial minimal set.
In this paper, we prove that the answer is "no" for , and so all leaves of approach a singular point:
, the foliation does not admit a nontrivial minimal set.
The strategy of the proof is as follows:
(i) Exploit the symmetries associated to to find small, thin regions of È´¾µ that every minimal set of must cross. We prove in Ü¾ that two small sectors of angle AE of the unit disk on the coordinate planes ¢ ¼ and ¼ ¢ suffice.
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(ii) Find a sphere centered at the real singular point´½ ½µ that is transversal to . Then, every orbit that enters this sphere must accumulate on´½ ½µ. The radius of this sphere as a function of is given in Ü¿.
(iii) Show that all orbits starting in the two sectors of step (i) enter this transversal sphere in finite time. In fact, we show in Ü that it is enough to consider the real flow.
For the last two steps, we give reliable computational proofs based on interval arithmetic [9] . Ýµ is leaf-preserving for the differential equation (4) . In particular, preserves the set of singular points of . Since the Jacobian matrix of (4) at the point´½ ½µ has eigenvalues with nonreal quotient [7] , all the singular points of are in the Poincaré domain [4] .
If is even, then the -limit set of every point in Ê ¾ is the singular point´½ ½µ. If is odd, then the -limit set of´¼ ¼µ is the singular point´½ ½µ.
Proof. As described above, this equation has only one real singular point,´½ ½µ. Figure 1 shows a large square centered at the origin, containing the singular point (the large dot). The point È is the point on the top side of the square where the field is horizontal. The curve passing through È is part of its orbit. In both cases, the region shown in thick lines contains the singular point´½ ½µ and the field always points toward the interior of the region, and so this region is an attracting region for the singular point, in the sense that all orbits entering the region accumulate on´½ ½µ. The assertion follows because the square is arbitrary. (Actually, when is odd, we see that the -limit set of every point in the first quadrant is the singular point´½ ½µ.) ¾ The real phase space described in Figure 1 is reproduced in each of the real planes
Ýµ takes the leaves of (4) to the solutions of the differential equation
which, of course, is the same as (4). Thus, the leaf of passing through the point´¼ ¼µ ¾ ¾ also accumulates on 
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. All orbits approach the real singularity Proposition 2 implies that if an orbit enters the transversal sphere then the orbit remains inside it and exponentially approaches the real singularity [3] . Therefore, given the results of Ü¾, to show that all orbits approach the singular set, it is enough to show that all orbits starting in the sectors Ë ½ and Ë ¾ enter the transversal sphere. We prove this by covering Ë ½ and Ë ¾ with a set of rectangles and showing that each rectangle is mapped into the transversal sphere by the real flow.
For this part of proof, we used AWA, a program for the reliable solution of initial value problems [8] . This program is able to give a reliable bound for the location at a given time of all orbits starting in a given box. More precisely, given a box ¼ and a time Ø ½ , the program uses interval arithmetic to compute a box ½ such that every orbit starting in ¼ is inside ½ at time Ø ½ (the program also proves that the solution exists at Ø ½ ). For a survey of reliable computer solution of initial value problems, see [10] .
To cover the sectors with rectangles that can be verified by AWA to go into the transversal sphere, we used a simple adaptive algorithm: Starting with a single rectangle covering the sector, we refined the covering as needed, according to the output of AWA. At each step, we took one rectangle from the list and tested it with AWA. If AWA was able to show that the rectangle is taken into the transversal sphere, then the rectangle was accepted; otherwise, the rectangle was bisected across its longest side and the two pieces were put into the list for future testing. Rectangles that safely did not intersect the sector were ignored. The algorithm is given more formally below. Similar adaptive schemes are used in global optimization [5] .
Input: Rectangle covering sector Ë. Output: List of rectangles covering Ë such that each rectangle has been proved by AWA to be taken into the transversal sphere. 
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. Conclusion Experiments with ordinary numerical methods for the solution of initial value problems indicate that the region on the Ý-axis that is taken into the transversal sphere shrinks fast as grows (as Table 1 suggests, so does the radius Ê of this sphere). For , this basin of attraction seems to still contain Ë ¾ , but just barely. Note the very fine coverings in Figures 4 and 5 already required for and . We expect that much finer coverings would be needed for , specially because AWA uses a fixed-order Taylor series. Already for we had to switch to a Taylor series of order ¼ to handle the last eight rectangles covering Ë ¾ . A reliable integration method that uses adaptive order and step size might be able to handle more cases than AWA. Theorem 1 implies that there is a neighbourhood of such that no foliation in this neighbourhood admits a nontrivial minimal set. In principle, the computations described in this paper could be adapted to find such a neighbourhood explicitly, but the resulting real equations would be very complicated. 
Appendix. Details on the use of AWA
The starting box covering the sector was ¼ ½℄ ¢ ¼ À℄, where À × Ò´ AE µ. The value of À for is given in Table 2 (rounded up to two significant figures). A typical AWA input file is shown in Figure 6 . Note that we wrote equation (4) as to ½¼ ½ . This box is the one on the bottom right corner in Figure 2 (top).
The output of AWA for this example included the lines below (slightly edited to fit):
